In this paper, 2-point block method with two off-step points based on Backward Differentiation Formula (BDF) for solving stiff ODEs is formulated. The strategy of the developed method is to calculate two solution values of the method with two off-step points simultaneously at each iteration. Stability region and convergence of the method are also generated. The numerical results obtained are compared with the fifth order 2-point block BDF method to compare the enhancement of the method in terms of accuracy.
Introduction
Consider the first order ordinary differential equations in the form of
Implicit methods on solving stiff ODEs are known to perform better than explicit ones. The implementation of the BDF methods for solving stiff ODEs was discussed by Gear [3] and he became one of the well-known researchers in the study of stiff ODEs. The order and the accuracy of BDF method for solving stiff ODEs were improved by Cash [1] through adding a future point, the method was called extended BDF. Implicit off-step point method for the integration of stiff differential equations were discussed by Lautsch and can be found in [9] . Block implicit methods first were proposed by Milne [10] and his idea using a Runge-Kutta method later was extended by Rosser [11] . Convergence and stability properties of one-step implicit block method can be followed in [12, 13] . Block methods on solving stiff ODEs via backward differentiation formulae were developed in recent years and can be studied in [6] . Furthermore, Adam-Moulton hybrid block method with two off-step points for solving stiff ordinary differential equations can be seen in [7] . The solution of the 2-point block BDF with off-step points has not developed previously. The motivation of this paper is to discuss the derivation of the two solution values with two off-step points using block BDF method. The implementations and stability region of the method are also presented. The developed method is compared with the fifth order 2-point block BDF method [14] . The advantage of the proposed method is that, the solutions are approximated with off-step points concurrently hopping for better accuracy.
2 Block BDF with off-step points formulation
In this section, two solution values, y n+1 and y n+2 with step size h, and two off-step points, y n+ 1 2 and y n+ 3 2 which are chosen at the points where the step size is halved, are formulated in a block simultaneously. The formulae are computed using two back values with step size h, y n and y n−1 , in the previous block ( Figure 1 ). We have examined several points for choosing the points as off-step. Our investigations indicate that selecting the points where the step is halved are more desired to obtain the optimized point and a zero stable formulae. The interpolating polynomial P k (x) of degree k which interpolates the values of y at the points
, y n+ 3 2 ) and (x n+2 , y n+2 ) is defined as
where
The associated polynomial for (2.2) can be written as 
The matrix form of (2. 
Expanding the function y(x + j h 2 ) and its derivative y ′ (x + j h 2 ) as Taylor series around x gives
The difference operator (2.11) and the associated method (2.9) is considered of order 
Therefore, the order of the method is 5 and the error constant is determined by In this section, the condition for stability of the method is provided. We start by the definition of zero stability and A-stability from [8] . 
If m is number of block and r is the number of points in the block, then n = mr. Here, r = 2 and n = 2m. It follows from [2] as
Equation (2.16) can be written in the following form
Which the matrix coefficients can be specified as 
The stability polynomial R(t,ĥ) whereĥ = hλ is evaluated by det(At − B) as Solving (2.20) for t, gives t = −0.0009267840593, t = 0, t = 0, and t = 1. So, the method is zero stable. The stability region of the method is given in Figure 2 . The method is considered as A-stable since the stability polynomial covers the entire negative left half plane. 
R(t,ĥ)

Convergence of the method
This section discusses the convergence of the method (2.8) via given theorem in [8] . The necessary and sufficient conditions for any linear multistep method to be convergent are that it be consistent and zero stable. "Consistency controls the magnitude of the local truncation error while zero stability controls the manner in which the error is propagated at each step of calculation" [8] . In section 2.1, we proved that the order of the method is 5 that shows the method satisfies the consistency condition. Also, in section 2.2, the zero stability of the developed method has been analyzed. Having these two conditions, consistency and zero stability, the 2-point block BDF with off-step points is convergent.
Implementation of the method
Newton's iteration is applied for the implementation of the method. First, we define the error in the (i) th iteration to show the accuracy of the method. Let
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The abbreviation NS gives the total number of steps. Let y
2 , 2 denote the (i + 1) th iterative values of y n+ j , define
Equations in (2.8) can be written as Newton's iteration takes the form 
n+ j , j = 
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Numerical results
In this section, we will compare the numerical results of the 2-point block BDF method with off-step points of order 5 with the fifth order 2-point block BDF of constant step size [14] . To evaluate the performance of the methods, the following stiff problems are tested.
Problem 2: [4]
Exact Solution
Problem 3:
[5]
Problem 4:
Problem 5: [4]
The following abbreviations are used in the tables: 2BBDF(5) fifth order 2-point block BDF method 2OBBDF 2-point block BDF method with off-step points of order 5 h constant step size MAXE maximum global error TIME the execution time in micro seconds The results of maximum global error and the execution time are given in Tables 1-5. International Scientific Publications and Consulting Services Page 12 of 15 
Conclusion
A 2-point block BDF method with off-step points of order 5 is formulated in this paper. The developed method is on solving stiff ODEs to produce two solution values with off-step points simultaneously at each iteration. The method is shown to be A-stable and convergent. Accuracy and the execution time of the derived method are compared with the existing fifth order 2-point block BDF method. Numerical results obtained indicate that the methods are competitive in terms of accuracy and the execution time.
